Chapter 6: Applications of Integration

Section 6.1: Areas Between Curves

Objective: In this lesson, you learn

[0 How to establish the area of a region between two curves as the limit of a Riemann sum.

1
Problem: Find the area bounded by y = /= and y = —, and between the vertical lines z = 1
T

and z = 87
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I. Area Between Curves

Consider the region S that lies between two curves y = f () and y = g (x), and between the
vertical lines x = a and « = b, where f and g are continuous functions and f (z) > g (x) for all
x in [a, b].

Divide S into n strips of equal width then approximate the i*" strip by a rectangle with base
Az and height f (z}) — g (z]).

()

y=fy y y

The Riemann sum

is then an approximation to the area of S.

The approximation becomes better as n — 0o, so define the area of the region S as

n

A= lim [ (o) — g (a5)] A

=1

The limit above is the definite integral of f — g, we state this result as follows:

The area A of the region bounded by the curves y = f (x), y = g (z), and the lines z = a and
x = b, where f and g are continuous and f (z) > ¢ (x) for all z in [a, b], is

b
A= [ 1@ -g@)da.

Remark
o In the case when g (x) =0, S is the region under the graph of f.

e In the case when both f and g are positive,

A =[area under y = f (x)] — [ area under y = g ()]

= [P f(x)de — [Pg(x)de = [P[f (z) - g (x)] da.
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Example 1: Find the area of the region bounded by y = 2 and parabola y = 6 — 2?

#¢ (

Y Y 4

+‘0§ Yo Prom
2
9] Q]x 7§1‘T7<"€ =0
- jAg_x’X <7\__2\ﬁﬁq.3}:b
-3 ) X=2 ar X=3
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¢ and parabola y = —z? and

e region bounded by y = e~
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In general, if f(z) > g (z) for some values and f (x) < g (x) for other values, then split the

region S into several regions S, So,- -+ with areas Aj, Ag,--- .
K\ e > g
\(‘«%ﬁ},a(x) dx + j 7(,<}A¥«x} &X%jf”\xlfﬁ(ﬁ &X
o~ f [
0| a 75\ {c , b ox

Define the area of the region S to be A = Ay + As + ---. Then, since
f(x)—g(x), when f(z)>g(x)
g(x) = f(x), when g(z) > f ()

we have the following expression for A: The area between the curves y = f (z) and y = g (),
and between the lines x = a and z = b is

f(af)—g(w)l—{

b
A= [11@ - g(@]da.

Example 3: Find the area of the region bounded by %= v/2x and parabola Y= %xz, (
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Example 5: Find the area of the region bounded by the line y = 7/2 and parabola y* = 8 —z?
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Integrating along y-axis

Suppose the area A is bounded by the curve z = f(y), Y
x = g(y), and the lines y = ¢, y = d, where f and g are
continuous and f(y) > g(y) for all y € [¢,d].

Then the area is given by

A= /cd[f(y) —g(y)ldy

Example 6: Find the area of the region bounded by the line y = x/2 and parabola y? = 8 — 7

b ~
7_<l¢ Zﬂ
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